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Abstract
In this paper we present a detailed study of the quantum conservation laws for Toda
field theories defined on the half plane in the presence of a boundary perturbation. We
show that total derivative terms added to the currents, while irrelevant at the classical
level, become important at the quantum level and in general modify significantly the
quantum boundary conservation. We consider the first nontrivial higher–spin currents
for the simply laced a(1)n Toda theories: we find that the spin–three current leads to
a quantum conserved charge only if the boundary potential is appropriately redefined
through a finite renormalization. Contrary to the expectation we demonstrate instead
that at spin four the classical symmetry does not survive quantization and we suspect
that this feature will persist at higher–spin levels. Finally we examine the first nontrivial
conservations at spin four for the d
(2)
3 and c
(1)
2 nonsimply laced Toda theories. In these
cases the addition of total derivative terms to the bulk currents is necessary but sufficient
to ensure the existence of corresponding quantum exact conserved charges.
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1 Introduction
Certain classes of field theories defined on the two–dimensional plane possess an infinite
number of conservation laws which generalize the energy–momentum conservation. These
theories have been extensively studied primarily because the existence of such higher–
spin conserved charges ensures that their exact S–matrix can be constructed [1, 2] and
therefore all the on–shell properties can be determined. In general it has been found [3, 4]
that whenever the system exhibits a classical symmetry, the corresponding conservation
law can be implemented at the quantum level simply redefining appropriately the cur-
rent via the addition of quantum corrections. In this way quantum integrability has been
established for all affine Toda theories in their bosonic [4] as well as in their supersym-
metric [5] version. The method which more efficiently allows to construct the higher–spin
currents at the quantum level is massless perturbation theory. This approach, which is
similar in spirit to perturbed conformal field theory, has the advantage to be applicable
straightforwardly and to give exact results to all orders in perturbation theory.
Recently there has been much interest in studying these same theories defined not on
the whole plane but on half of it, i.e. on a manifold with boundary [6, 7]. In this case
one can consider the system in the presence of a nontrivial boundary perturbation and
it turns out that many physical interesting phenomena can be described in this fashion
[6, 8]. A natural question thus arises: how much of the integrability properties of the
original model which locally are still valid in the interior region, do survive as global
symmetries of the theory in the presence of the boundary? It is easy to show that in
order to construct an integral of motion in terms of the currents conserved in the bulk,
there must be no momentum flowing through the boundary or at most the momentum
evaluated at the boundary has to reduce to a total time–derivative term. At the classical
level this analysis has been carried out for all Toda theories and it has been shown [9, 10]
that in general the higher–spin charges are conserved if the boundary perturbation is
chosen appropriately.
These conservation laws if realized at the quantum level guarantee absence of particle
production and the factorization property of the S matrix. The sine–Gordon model
has been studied quite thoroughly [7, 11, 12]. One finds that: i) a renormalization
of the currents is sufficient to reabsorb the quantum anomalies; ii) the most general
boundary potential allowed by the requirement of quantum integrability contains two
free parameters; iii) the exact S–matrix has been constructed and its connection with the
underlying field theory description is understood.
For the other Toda theories the quantum analysis has not been completed yet [13].
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Using a generalization of the massless perturbation approach which is standard for sys-
tems without boundary we have started a study of the quantum boundary conservations
for models based on simply laced [11] and nonsimply laced [14] Lie algebras. In this paper
we continue in this task. In the next section we set our notations and review the general
procedure. In particular we derive the equations that need be satisfied in order to ensure
the existence of a conserved charge at spin three and spin four level. In section 3 these
results are applied to the specific examples of the a(1)n Toda theories. We find that at
spin three a quantum conserved charge exists if the classical boundary potential is suit-
ably modified by a finite renormalization. Instead at spin four, somewhat unexpectedly,
the classical symmetry does not survive quantization and there are indications that the
charge conservation is broken by true anomalies at higher–spin levels too. In section 4
we study the first nontrivial currents (at spin four) for the d
(2)
3 and c
(1)
2 nonsimply laced
Toda theories. Here we show that a quantum exact symmetry is realized only if total
derivative terms are added to the bulk currents. No redefinition of the classical boundary
potential is necessary in these cases. Finally in the last section we draw our conclusions
and make some closing remarks.
2 Quantum charge conservation: the general proce-
dure
We are interested in determining higher conservation laws for Toda–like systems defined
in the upper–half plane. To this end it is convenient to work in euclidean space with
complex coordinates
x =
x0 + ix1√
2
x¯ =
x0 − ix1√
2
(2.1)
and corresponding derivatives
∂ ≡ ∂x = 1√
2
(∂0 − i∂1) ∂¯ ≡ ∂x¯ = 1√
2
(∂0 + i∂1) ✷ = 2∂∂¯ (2.2)
We restrict our attention to theories defined by the following action
S = 1
β2
∫
d2x
{
θ(x1)
[
1
2
∂µ~φ · ∂µ~φ+ V
]
− δ(x1)B
}
(2.3)
where B denotes the perturbation at the boundary and V is the affine Toda potential
V =
N∑
j=0
qje
~αj ·~φ (2.4)
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The Toda theories under consideration are based on a Lie algebra G of rank N and we are
using the standard notation for the simple roots αj, (j = 1, · · · , N), α0 = −∑Nj=1 qjαj ,
with qj the Kac labels (q0 = 1). From the action in (2.3) we can immediately derive the
equations of motion in the bulk region
✷~φ =
N∑
j=0
qj~αje
~αj ·~φ (2.5)
and at the boundary
∂φa
∂x1
∣∣∣∣∣
x1=0
= − ∂B
∂φa
(2.6)
It is well known [15] that for affine Toda theories one can construct an infinite set of
classical currents and show that they are on–shell conserved in the interior region x1 > 0.
The classical conservation laws can be written as
∂¯J (n) + ∂Θ(n) = 0 ∂J˜ (n) + ∂¯Θ˜(n) = 0 (2.7)
where J (n), Θ(n) denote the two components of a spin +n current, and J˜ (n), Θ˜(n) the
corresponding ones for the spin −n current. In terms of these currents one would like to
define a conserved charge and this is feasible if the following conditions are met at the
boundary
J
(n)
1
∣∣∣
x1=0
≡ i
(
J (n) − J˜ (n) −Θ(n) + Θ˜(n)
)∣∣∣
x1=0
= −∂0Σ(n)0 (2.8)
with Σ
(n)
0 a local function of the fields evaluated at x1 = 0. Indeed, if this is the case, an
integral of motion is given by
q(n−1) =
∫ +∞
0
dx1J
(n)
0 + Σ
(n)
0 (2.9)
where J
(n)
0 = J
(n) + J˜ (n) + Θ(n) + Θ˜(n). It has been shown [7, 9, 10] that the conditions
in eq.(2.8) are satisfied if one restricts the class of boundary potentials to
B =
N∑
j=0
dje
1
2
~αj ·~φ (2.10)
with appropriate coefficients dj.
We note that equivalent sets of currents can be obtained through the addition to J (n),
Θ(n), J˜ (n), Θ˜(n) of total derivative terms
J (n) → J (n) + ∂U , Θ(n) → Θ(n) − ∂¯U
J˜ (n) → J˜ (n) + ∂¯U˜ , Θ˜(n) → Θ˜(n) − ∂U˜ (2.11)
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Indeed the bulk conservation equations in (2.7) are not modified. Moreover it is imme-
diate to verify that the charges constructed with the redefined quantities
J
(n)
0 → J (n)0 − i
√
2 ∂1(U − U˜) J (n)1 → J (n)1 + i
√
2 ∂0(U − U˜)
Σ
(n)
0 → Σ(n)0 − i
√
2 (U − U˜)
∣∣∣
x1=0
(2.12)
are still conserved and actually coincide with the ones in (2.9). The net result is that
at the classical level there is the freedom of adding total derivatives to the currents, but
these terms are irrelevant as far as the conservation laws are concerned. This will not be
the case once quantum corrections will be included.
Thus, in order to proceed further we discuss now the issue of quantum conservation.
As anticipated in the introduction the approach best suited to treat the problem exactly,
to all–loop orders, is massless perturbation theory. This method treats the whole expo-
nential in (2.4) as interaction terms without separating the quadratic parts which would
correspond to mass terms. In this way calculations beyond one loop are much simpler as
compared to the corresponding ones in a massive perturbative approach. We compute
in x–space, using for the action in (2.3) massless propagators defined in the upper–half
plane as
Gij(x, x
′) = −β
2
4π
δij
[
log 2|x− x′|2 + log 2|x− x¯′|2
]
(2.13)
and an interaction term Si ≡ SVi + SBi , where SVi = 1β2
∫ +∞
−∞ dx0
∫+∞
0 dx1V , with V the
affine Toda potential (2.4) and SBi = − 1β2
∫+∞
−∞ dx0B, with B the boundary perturbation
(2.10).
At this point the classical conservation equations in (2.7) and (2.8) can be reexpressed
in perturbation theory as
∂¯
〈
J (n)(x, x¯)
〉
≡ ∂¯
〈
J (n)(x, x¯) e−S
V
i
〉
0
= − ∂
〈
Θ(n)
〉
(2.14)
for x1 > 0 and
〈
J
(n)
1 (x, x¯)
〉∣∣∣
x1=0
≡
〈
J
(n)
1 (x, x¯) e
−Si
〉
0
∣∣∣
x1=0
= − ∂0
〈
Σ
(n)
0
〉
(2.15)
at x1 = 0. Classical results correspond to tree level calculations, while quantum correc-
tions are given by loop contributions. Normal ordering of the exponentials in V and B
is always understood so that no ultraviolet divergences are produced.
At spin n we consider currents of the form
J (n) =
∑
cab∂
a1φb1 . . . ∂
asφbs (2.16)
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where a ≡ (a1, · · · , as) and ∑ ai = n. The coefficients cab are given in general by a power
expansion in the coupling constant β2
cab = c
(0)
ab + β
2c
(1)
ab + . . . (2.17)
The zeroth order term, c
(0)
ab , must be such that the classical conservation law in (2.7) is
satisfied.
We evaluate quantum corrections in the interior region Wick contracting the J (n)
current with the exponential in (2.14). Since the current contains terms with at most n
∂φ factors, it is clear that we need compute at most up to n − 1 loops. Among all the
contributions we want to select the local terms. The ones that are expressible as total
∂–derivatives contribute directly to the quantum trace in (2.14); the rest has to vanish if
the current conservation is anomaly free. Therefore one must determine the yet unknown
quantum coefficients in (2.17) in order to cancel these potentially anomalous terms. This
procedure has been applied successfully in several examples [4, 5].
The actual calculation in (2.14) is simplified by the observation that since we are
interested only in local contributions it is sufficient to expand the exponential to first
order in SVi . Indeed Wick contractions of the current with the interaction produce in
general a sum of terms of the form
∂¯x
∫
d2w M(x, x¯)
[
1
(x− w)k +
1
(x− w¯)k
]
N (w, w¯) (2.18)
where M, N are products of the fields and their ∂–derivatives and the integration is
performed in the upper plane. Local expressions are obtained using in the half plane the
relation
∂¯x
1
(x− w)k =
2π
(k − 1)!∂
k−1
w δ
(2)(x− w) (2.19)
Since only one ∂¯ is present, only one interaction factor (one integration) can appear if we
want to obtain a local result. In this way we determine the contributions to the quantum
trace and the renormalization of the classical current to all orders of perturbation theory.
This part of the calculation is performed in the interior region and in a certain sense
it is preliminary and preparatory for the actual check of the charge conservation in the
presence of the boundary perturbation.
At the boundary x1 = 0 we have to consider eq.(2.15). Using the quantum expressions
just obtained in the bulk for J (n) and Θ(n) we compute J
(n)
1 = i(J
(n)− J˜ (n)−Θ(n)+Θ˜(n))
and then we evaluate its expectation value at x1 = 0 as in (2.15). The aim is to isolate
local terms which are not ∂0–derivatives and see if they correspond to true anomalies.
In this case the calculation is complicated by the fact that local contributions might
5
arise from higher–order terms in the expansion of the interaction potential, given now
by the complete sum of V in the bulk and B at the boundary. Typically expanding the
exponential in (2.15) to first order in SBi the following structures are produced
lim
x1→0
∫ +∞
−∞
dw0
[
P(x, x¯)
(
1
(x− w)k +
1
(x− w¯)k
)
− P˜(x, x¯)
(
1
(x¯− w¯)k +
1
(x¯− w)k
)]
Q(w0)
(2.20)
where P and P˜ are functions of ∂kφ and ∂¯kφ respectively. Since w = w¯, being w1 = 0,
the above expression can be written as
2(
√
2)k lim
x1→0
∫ +∞
−∞
dw0
[
P(x, x¯) 1
(x0 − w0 + ix1)k − P˜(x, x¯)
1
(x0 − w0 − ix1)k
]
Q(w0)
(2.21)
Local boundary contributions are obtained selecting in P and P˜ terms which are equal
and making use of the following relation
lim
x1→0+
(
1
(x0 − w0 − ix1)k −
1
(x0 − w0 + ix1)k
)
=
2πi
(k − 1)!∂
k−1
w0
δ(1)(x0 − w0) (2.22)
Repeating the same procedure, it is clear that Wick contractions with higher–order factors
in the expansion of the boundary interaction give rise to local contributions whenever
the number of one–dimensional δ(1)–functions produced in the limit x1 → 0 equals the
number of integrations.
We also have to take into account terms from the expansion of the bulk potential
and/or from mixed factors of the bulk and the boundary potentials. Such a computation
requires in general a lengthy algebraic effort. We present an explicit example in Appendix
A.
As mentioned above anomalous boundary contributions would correspond to local
terms which cannot be written as ∂0–derivatives of suitable expressions. Now we want
to show that at the quantum level total derivative terms added to the current and to the
trace might influence these potential anomalies.
The addition of a ∂U term to the J (n) current modifies the quantum conservation con-
dition in the bulk by a term ∂¯〈∂U〉 = ∂∂¯〈U〉. Obviously, being the result automatically
in the form of a total ∂–derivative, no anomaly is produced in the interior region and
the local terms obtained from ∂¯〈U〉 will all contribute to the quantum trace. Now, while
the tree level (classical) contributions are equal to ∂¯U , the loop (quantum) corrections
are not expressible in general as ∂¯–derivatives. Consequently these terms might lead to
quantum corrections in J
(n)
1 which are not ∂0–derivatives and therefore affect the bound-
ary condition (2.15) in a nontrivial manner. Since these corrections will play a relevant
role in the following sections, we illustrate this point in detail with an example.
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Let us consider a term to be added to a J (4) current
∂U = cab∂(∂
2φa∂φb) (2.23)
We start by evaluating ∂¯〈∂U〉 using the massless propagator in (2.13) and dropping all
non–local contributions (with the definition α ≡ β2
2π
)
∂¯
〈
∂(∂2φa∂φb)
〉
= ∂∂¯
〈
(∂2φa∂φb)e
− 1
2piα
∫
d2w V
〉
0
∼
∼ ∂
{
− 1
2πα
∫
d2w
[
α
2
∂xφb ∂¯
(
1
(x− w)2 +
1
(x− w¯)2
)
Va(w, w¯)+
−α
2
∂2xφa ∂¯
(
1
x− w +
1
x− w¯
)
Vb(w, w¯)+
−α
2
4
∂¯
(
1
(x− w)3 +
1
(x− w¯)3
)
Vab(w, w¯)
]}
∼
∼ ∂
[
1
2
∂Va∂φb +
1
2
Vb∂
2φa +
α
8
∂2Vab
]
(2.24)
Here and in the following we write derivatives of the interactions as Va ≡ ∂V∂φa , Ba ≡ ∂B∂φa ,
and so on. The contribution to the trace (see eq.(2.14)) is then identified as
Θ→ −cab
[
1
2
∂Va∂φb +
1
2
Vb∂
2φa +
α
8
∂2Vab
]
(2.25)
In the same way one obtains the corresponding contributions to J˜ and Θ˜ so that one can
compute the relevant terms produced at the boundary from 〈J (1)〉 as in (2.15)
〈
J (1)
〉
= i
〈
J − J˜ −Θ+ Θ˜
〉
→ icab
〈[
∂3φa∂φb + ∂
2φa∂
2φb +
1
2
∂Va∂φb+
+
1
2
Vb∂
2φa +
α
8
∂2Vab − c.c.
]
e−
1
2piα
∫
d2w V+ 1
2piα
∫
dw0 B
〉
0
(2.26)
One needs consider terms up to the third–order expansion in B and to second order in
the V and B crossed product. We list here the results from the individual terms and
compute in detail the first one in Appendix A.
i
〈
∂3φa∂φb − c.c.
〉∣∣∣
x1=0
∼ −2Bb∂30φa − 2∂20Ba∂0φb +
3
2
Bb∂0Va +
1
2
VacBc∂0φb
i
〈
∂2φa∂
2φb − c.c.
〉∣∣∣
x1=0
∼ −2∂0Ba∂20φb − 2∂0Bb∂20φa + Va∂0Bb + Vb∂0Ba −
2
3
α∂30Bab
i
2
〈∂Va∂φb − c.c.〉
∣∣∣∣
x1=0
∼ −1
2
Bb∂0Va − 1
2
VacBc∂0φb − αVac∂0Bbc
7
i2
〈
Vb∂
2φa − c.c.
〉∣∣∣∣
x1=0
∼ −Vb∂0Ba
iα
8
〈
∂2Vab − c.c.
〉∣∣∣∣
x1=0
∼ −α
4
[∂0(VabcBc) + αVabcd∂0Bcd] (2.27)
The total sum finally gives
〈J (1)〉|x1=0 ∼ cab
{
∂0
[
−2∂0Ba∂0φb − 2Bb∂20φa −
2
3
α∂20Bab
]
+ ∂0 (VaBb) +
−α
[
Vac∂0Bbc +
1
4
∂0(VabcBc) +
α
4
Vabcd∂0Bcd
]}
(2.28)
We notice that contributions containing three ∂0 derivatives, both classical and quantum,
add up to reconstruct a total ∂0 derivative. Terms containing one ∂0 derivative behave
differently depending on whether they were produced at tree level or from loops: as
expected the classical terms give rise to a total ∂0–derivative contribution. The terms
instead which correspond to quantum corrections can modify the boundary condition in
a nontrivial manner and they must be taken into account while constructing the quantum
conserved charges. A final remark: total derivatives of the form ca∂
nφa are not relevant
since they would only contribute at the classical level; we will not consider them in the
following.
We turn now to a discussion of the conservation laws for the specific cases of the
spin–3 and spin–4 currents in Toda theories defined in the upper–half plane, perturbed
by a boundary interaction.
2.1 Quantum conservation at spin–3 level
For a Toda theory the action in (2.3) is written in terms of n independent scalar fields
interacting with the potential (2.4) in the inner region and with a generic perturbation B
at the boundary. According to the general expression in (2.16) we write a spin–3 current
in the form
J (3) =
1
3
aabc∂φa∂φb∂φc + bab∂
2φa∂φb +
1
2
cab∂(∂φa∂φb) (2.29)
with coefficients aabc and cab symmetric and bab antisymmetric in their indices. We start
considering the conservation law of this current in the upper–half plane following the
procedure outlined for the general case. We evaluate as in (2.14) ∂¯
〈
J (3)
〉
. We easily find
∂¯
〈
J (3)
〉
= ∂¯
〈
J (3)e−
1
2piα
∫
d2w V
〉
0
∼ ∂¯
〈
J (3)
(
− 1
2πα
) ∫
d2w V
〉
0
∼
∼ ∂
[
1
2
babVb∂φa +
1
2
cabVb∂φa +
α
8
cab∂Vab +
α2
48
aabc∂Vabc
]
+
+
1
2
[
aabcVa + 2bacVab +
α
2
aabdVacd
]
∂φb∂φc (2.30)
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where we have dropped all the non–local contributions. Absence of quantum anomalies
in the conservation of J (3) requires that the terms on the right–hand–side, which are not
total ∂–derivatives, vanish. This requirement leads to the following equations for the aabc
and bab coefficients
aabcVa + bacVab + babVac +
α
4
aabdVacd +
α
4
aacdVabd = 0 (2.31)
Clearly no restrictions are imposed at this stage on the coefficients cab of the total deriva-
tive terms.
From equation (2.30) we also determine the quantum trace
Θ(3) = −1
2
babVb∂φa − 1
2
cabVb∂φa − α
8
cab∂Vab − α
2
48
aabc∂Vabc (2.32)
The same procedure can be applied to compute the quantum currents J˜ (3), Θ˜(3) whose
expressions are obtained from (2.29), (2.32) by exchanging holomorphic derivatives with
antiholomorphic ones.
Now we concentrate on the boundary condition (2.15). Thus we consider〈
i
(
J (3) − J˜ (3) −Θ(3) + Θ˜(3)
)
e−
1
2piα
∫
d2w V+ 1
2piα
∫
dw0 B
〉
0
∣∣∣
x1=0
(2.33)
Local corrections come from contractions of the currents with the exponential expanded
up to the third order. Summing all the contributions the final result, up to total ∂0
derivatives, is〈
i(J (3) − J˜ (3) −Θ(3) + Θ˜(3))
〉∣∣∣
x1=0
∼
∼ 1√
2
[
1
3
aabcBaBbBc + 2babVaBb − α
4
cabVabcBc − α
2
24
aabcVabcdBd
]
+
− 1√
2
[aabcBa + 4babBac + 2αaabdBacd] ∂0φb∂0φc (2.34)
In order to cancel the terms proportional to ∂0φb∂0φc we require
aabcBa + 2babBac + 2bacBab + αaacdBabd + αaabdBacd = 0 (2.35)
Comparing (2.35) with (2.31) it is easy to see that the quantum corrections in both
identities are such that if (2.31) is satisfied with V =
∑n
j=0 qje
~αj ·~φ, then (2.35) is also
satisfied with B =
∑n
j=0 dje
1
2
~αj ·~φ. Finally, once we have found the aabc’s and bab’s from
eq.(2.31) or equivalently from (2.35), we try to determine the coefficients cab in the current
and the dj’s in the boundary interaction imposing (see again (2.34))
1
3
aabcBaBbBc + 2babVaBb − α
4
cabVabcBc − α
2
24
aabcVabcdBd = 0 (2.36)
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If we are able to satisfy this condition then we can proceed and construct the correspond-
ing quantum conserved charge. In section 3 we explicitly solve the above equations for
the a(1)n affine Toda theories.
2.2 Quantum conservation at spin–4 level
The most general expression for the current of spin four, including total derivative con-
tributions, has the form
J (4) =
1
4
aabcd∂φa∂φb∂φc∂φd +
1
2
babc∂
2φa∂φb∂φc +
1
3
cabc∂(∂φa∂φb∂φc) +
+
1
2
dab∂
2φa∂
2φb + eab∂(∂
2φa∂φb) (2.37)
with aabcd, cabc and dab completely symmetric, babc symmetric in the last two indices and
babc + bcab + bbca = 0. The requirement of current conservation in the interior region (see
eq.(2.14)) determines the quantum trace
Θ(4) = −
[
1
4
bbcaVa∂φb∂φc +
1
2
cabcVa∂φb∂φc +
1
4
dab∂Va∂φb +
1
2
eab∂Va∂φb+ (2.38)
+
1
2
eabVb∂
2φa +
α
8
b(ab)c∂Vac∂φb +
α
4
cabc∂Vab∂φc +
α
48
dab∂
2Vab +
α
8
eab∂
2Vab +
+
α2
32
aabcd∂Vabc∂φd +
α2
48
cabc∂
2Vabc +
α3
384
aabcd∂
2Vabcd
]
and imposes the following two sets of conditions on the coefficients of the current
aa(bcd)Va +
1
2
ba(bcVd)a − 1
2
Va(dbbc)a − 1
2
da(bVcd)a +
3
4
αaae(cdVb)ae +
+
α
8
bae(bVcd)ae − α
8
Vae(cdbb)ae +
α2
16
aaef(dVbc)aef = 0
b[bc]aVa + da[bVc]a +
α
4
(b[ba]eVace − b[ca]eVabe) + α
2
8
aaef [cVb]aef = 0 (2.39)
Then we consider the boundary relation (2.15). In this case we obtain three sets of
equations which the coefficients and the boundary potential need satisfy in order to
insure the existence of a corresponding quantum charge. The first two sets arise from
terms proportional to ∂0φb∂0φc∂0φd and ∂
2
0φb∂0φc respectively
aa(bcd)Ba + ba(bcBd)a − Ba(dbbc)a − 2da(bBcd)a + 3αaae(cdBb)ae + αbae(bBcd)ae +
− αBae(cdbb)ae + α2aaef(dBbc)aef = 0
b[bc]aBa + 2da[bBc]a + α(b[ba]eBace − b[ca]eBabe) + α2aaef [cBb]aef = 0 (2.40)
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In a way similar to what happened for the spin–3 current, the above equations do not
impose new conditions once the bulk equations (2.39) are satisfied and the boundary
potential is of the form B =
∑n
j=0 dje
1
2
~αj ·~φ. The relevant equations are given instead by
the terms which are proportional to ∂0φe; they must reduce to a total ∂0–derivative in
order to satisfy (2.15). We find
[aabceBaBbBc + babcBbBcBae + 3αaabcdBbBcBade+
+ baecVaBc − 1
2
bbeaVaBb − 1
2
becaVaBc + 2dabVaBbe − da(bVe)aBb + αbabcVaBbce +
− αbbcaVaBbce − α
4
b(ab)cVaceBb − α
4
b(ae)cVabcBb − αcab(cVe)abBc +
− α
12
(dab + 6eab)VabceBc − α
12
(dab + 6eab)VabcBec − α(da(bVc)a + 2ea(bVc)a)Bbce +
− α
2
8
aacd(eVb)acdBb − α
2
2
b(ab)dVacdBbce − α2cabcVabdBcde +
− α
2
12
(dab + 6eab)VabcdBcde − α
3
96
aabcdVabcdefBf − α
3
96
aabcdVabcdfBef +
−α
3
8
aadf(cVb)adfBbce − α
3
12
cabcVabcdfBdef − α
4
96
aabcdVabcdfgBefg
]
∂0φe
∼ ∂0 − derivative (2.41)
In the following sections we attempt to find explicit solutions of the above equations for
specific models.
3 The a(1)n affine Toda theories
The action for these simply laced theories has the general form (2.3), (2.4), with n
independent fields and roots satisfying ~α2j = 2, ~αj · ~αk = −δj,k±1, j, k = 1, · · ·n, and
qj = 1, j = 1, · · · , n.
These models possess a classically conserved spin–3 current of the form considered in
(2.29) [15]. It has also been established [4] that the conservation law in the inner region is
valid at the quantum level. If we call a
(0)
abc and b
(0)
ab the classical coefficients, the quantum
solution is given by
aabc = a
(0)
abc , bab = (1 +
α
2
)b
(0)
ab (3.1)
At spin 3 the boundary condition (2.15) corresponds to equations (2.35) and (2.36).
The first set, (2.35), is satisfied by the coefficients in (3.1) if the boundary potential is
chosen as in (2.10). Now, in order to satisfy (2.36) which is nonlinear in B, we still have
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the freedom to choose appropriately the coefficients cab in the current and the dj ’s in the
interaction B. It is convenient to introduce the following definitions
aijk ≡ aabc(αi)a(αj)b(αk)c bij ≡ bab(αi)a(αj)b cij ≡ cab(αi)a(αj)b (3.2)
so that from (2.31) we first obtain
aijk + bikCij + bijCik +
α
4
[aiijCik + aiikCij ] = 0 (3.3)
where Cij ≡ ~αi · ~αj is the Cartan matrix of the an Lie algebra. From the above equation
and the antisymmetry of bij one easily derives
aiii = 0
aiij = −ajji = − 2
1 + α
2
bij (3.4)
for any i, j = 0, 1, · · · , n. Finally introducing the notation
V =
n∑
j=0
e2j B =
n∑
j=0
djej (3.5)
where
ej ≡ e 12 ~αj ·~φ (3.6)
we rewrite (2.36) as
∑
i 6=j
(
− 1
4(1 + α
2
)
d2i + 1
)
bijdje
2
i ej −
α
8
∑
i,j
ciiCijdje
2
i ej = 0 (3.7)
It is clear that when in the second sum i = j terms proportional to e3i are produced and
the only way to cancel them is to impose
cii = 0 (3.8)
When i 6= j the coefficients cij do not enter in (3.7), so they are undetermined and not
relevant. Consequently, in order to satisfy (3.7) the coefficients dj must be chosen as
d2j = 4
(
1 +
α
2
)
, j = 0, 1, · · · , n (3.9)
We note that setting α = 0 the classical result in Ref. [9, 10] is reproduced, with d2j = 4,
j = 0, 1, · · · , n. However the presence of quantum corrections modifies this solution: the
conservation of the q(2) charge requires a nonperturbative, finite renormalization of the
coefficients dj.
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Now we extend the analysis at spin 4. The general equations have been obtained
in the previous section, (2.37), (2.38), (2.39), (2.41). We have not been able to exhibit
a solution in the quantum case for a generic a(1)n Toda system, essentially because the
various sets of equations become highly coupled due to the presence of the perturbative
corrections. So we present the results we have obtained for the explicit cases n = 3, 4, 5
(a classical spin–4 conserved current exists only for n ≥ 3). Here we discuss in detail the
n = 3 example.
The a
(1)
3 theory is described by three independent scalar fields. The simple roots can
be represented in the following real form
~α1 = (−1,−1, 0) ~α2 = (1, 0, 1) ~α3 = (−1, 1, 0) (3.10)
so that the bulk potential (2.4) becomes
V = eφ1−φ3 + e−φ1−φ2 + eφ1+φ3 + e−φ1+φ2 (3.11)
and the interaction at the boundary (2.10) is
B = d0e
1
2
(φ1−φ3) + d1e
1
2
(−φ1−φ2) + d2e
1
2
(φ1+φ3) + d3e
1
2
(−φ1+φ2) (3.12)
The lagrangian is clearly symmetric under
i) φ2 → −φ2 , ii) φ3 → −φ3,
iii) φ1 → −φ1 φ2 → φ3 (3.13)
In this case it is rather easy to solve the equations (2.39) and find the coefficients aabc,
babc and dab which appear in (2.37) and (2.38). The coefficients cabc and eab are not
determined from the equations in the interior region. Based on the symmetries in (3.13)
the only nonvanishing ones are
c122 = −c133 ≡ G e11 ≡ H e22 = e33 ≡ I (3.14)
We have
J (4) = (∂φ1)
4 + (∂φ2)
4 + (∂φ3)
4 − 6
[
(∂φ1)
2(∂φ2)
2 + (∂φ1)
2(∂φ3)
2 + (∂φ2)
2(∂φ3)
2
]
+
− 24(1 + α
2
)
[
∂2φ2∂φ2∂φ1 − ∂2φ3∂φ3∂φ1
]
+ (4 +
α2
4
)(∂2φ1)
2 +
− (8 + 12α+ 11
4
α2)[(∂2φ2)
2 + (∂2φ3)
2] +G∂
(
∂φ1(∂φ2)
2 − ∂φ1(∂φ3)2
)
+
+H∂(∂φ1∂
2φ1) + I
[
∂(∂φ2∂
2φ2) + ∂(∂φ3∂
2φ3)
]
(3.15)
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and
Θ(4) = Θ1 +Θ2 +Θ3 +Θ0 (3.16)
where
Θ1 =
{
−
(
2 +
17
6
α + α2 +
5
48
α3 − α
2
16
G+
α2
8
(H + I)
)
(∂φ1 + ∂φ2)
2+
+6
(
1 +
α
2
− 1
12
G
)
(∂φ3)
2 +
(
−1
2
H +
α
4
G
)
(∂φ1)
2 +
(
1
2
(1 + α)G− 1
2
I
)
(∂φ2)
2+
+
(
(1 +
3
4
α)G− 1
2
(H + I)
)
∂φ1∂φ2 +
1
2
H∂2φ1 +
1
2
I∂2φ2 +
+
(
17
6
α+
3
4
α2 +
5
48
α3 − α
2
16
G+
α2
8
(H + I)
)
(∂2φ1 + ∂
2φ2)
}
e−φ1−φ2
Θ2 = Θ1(φ1 → −φ1, φ2 → −φ3)
Θ3 = Θ1(φ2 → −φ2)
Θ0 = Θ1(φ1 → −φ1, φ2 → φ3) (3.17)
Now we attempt to solve the conditions at the boundary. As previously emphasized the
relevant set of equations are the ones in (2.41). They are non linear in B, with terms
cubic in B and terms which contain the product BV . Using the definitions in (3.6) let
us isolate for example terms proportional to e0e1e2, which arise only from contributions
cubic in B (they are not contained in the products BV ). Therefore of all the terms in
(2.41) we concentrate on the first three and from them we extract the part proportional
to e0e1e2. We easily find that the classical contributions cancel and we are left with
− 3
4
α(∂0φ1 + ∂0φ2)d0d1d2e0e1e2 ≡ −3
4
α(∂0φ1 + ∂0φ2)d0d1d2e
1
2
(φ1−φ2) (3.18)
This explicitly shows that there is no way to rewrite this type of contributions as total
∂0 derivatives unless we set one of the dj , j = 0, 1, 2, coefficients equal to zero. On the
other hand since the theory is symmetric under (3.13) the same analysis can be repeated
for the terms proportional to e1e2e3, e2e3e0, e3e0e1. Thus one is forced to set at least two
of the dj’s equal to zero. In this case it is rather simple to show that the other nontrivial
conditions which follow from (2.41) necessarily require the vanishing of the remaining
two dj coefficients. As expected the original symmetry of the lagrangian is maintained.
In conclusion the conservation at the boundary can be implemented only for a vanishing
interaction at the border.
We have repeated the corresponding analysis for the a
(1)
4 and the a
(1)
5 Toda theories.
These models are described by four and five scalar fields, respectively. In order to simplify
the algebra we have found convenient to use a realization of the simple roots of an
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that maintains explicit all the symmetries of the corresponding affine Dynkin diagram.
This can be achieved choosing a complex representation of the roots as in Ref. [2].
Moreover with that particular choice, as shown in Ref. [2], the reality of the lagrangian
is implemented representing the fields in a complex basis with φ∗a = φn+1−a. It is a
simple exercise to modify accordingly the equations (2.41) which are the relevant ones
for checking the conservation at the boundary. For the specific examples of the a
(1)
4
and the a
(1)
5 Toda systems we have performed most of the algebraic manipulations using
Mathematica. In both cases we have found that the classical conservation of the q(3)
charge is broken by quantum anomalous contributions, following exactly the same pattern
as for the a
(1)
3 theory. It is from the terms cubic in B that in (2.41) arise contributions
which do not sum up to a total ∂0 derivative. There is no choice of the coefficients
cabc and eab, still undetermined in the J
(4) and Θ(4) currents, which allows to satisfy
the conservation condition with a nonvanishing boundary potential. We suspect that a
similar situation has to be faced at higher spin levels.
4 Conservation laws for nonsimply laced theories
In this section we study the conservation equations of the first nontrivial higher–spin
current, spin 4, for the two nonsimply laced d
(2)
3 and c
(1)
2 theories. These models, described
in terms of two bosonic fields, are simple enough to allow a complete analysis. We discuss
the two systems separately.
4.1 The d
(2)
3 system
With a realization of the simple roots of the Lie algebra as
~α1 = (2, 0) ~α2 = (−1, 1) (4.1)
one obtains for the potential in the bulk
V = e−φ1−φ2 + e2φ1 + e−φ1+φ2 (4.2)
and at the boundary
B = d0 e
− 1
2
(φ1+φ2) + d1 e
φ1 + d2 e
− 1
2
(φ1−φ2) (4.3)
This system exhibits the first high–spin conserved current at spin–4, with a general form
given in (2.37). Solving the bulk conservation equations (2.39) one finds the coefficients
15
aabcd, babc and dab; the nonvanishing ones are [4]
a1111 = a2222 = −α
3
a1122 =
2
3
(1 +
α
2
) b221 = 2 + 3α + α
2
d11 = −α
6
(1 + 3α+ α2) d22 = 2(1 +
23
12
α + α2 +
α3
6
) (4.4)
The coefficients of the terms which are total derivatives are not determined; the ones
which are allowed by the symmetry of the lagrangian under φ2 → −φ2 are
c122 ≡ G c111 ≡ 3H e11 ≡ I e22 ≡ J (4.5)
Inserting (4.4) in the general expression (2.38) for the quantum trace we obtain
Θ(4) = Θ0 +Θ1 +Θ2 (4.6)
where
Θ0 =
{[
−α
8
(
1 +
31
18
α+
5
6
α2 +
1
9
α3
)
+
α2
16
(G+H)− α
8
(I + J)
]
(∂φ1 + ∂φ2)
2 +
+
[
α
4
G+
3
2
(
1 +
α
2
)
H − 1
2
I
]
(∂φ1)
2 +
+
[
1
2
(1 + α)G− 1
2
J
]
(∂φ2)
2 +
+
[(
1 +
3
4
α
)
G+
3
4
αH − 1
2
(I + J)
]
∂φ1∂φ2 +
+
[
− α
24
(
1 +
5
6
α− α
2
2
− α
3
3
)
− α
2
16
(G+H) +
α
8
(I + J)
]
(∂2φ1 + ∂
2φ2) +
+
1
2
I ∂2φ1 +
1
2
J ∂2φ2
}
e−φ1−φ2
Θ1 =
{[
−α
6
(
1 +
10
3
α + 3α2 +
2
3
α3
)
− (3 + 6α+ 2α2)H − 2(1 + α)I
]
(∂φ1)
2+
+
(
1 +
3
2
α +
1
2
α2 −G
)
(∂φ2)
2 +
+
[
−α
2
36
(1 + 3α+ 2α2)− α2H − (1 + α)I
]
∂2φ1
}
e2φ1
Θ2 = Θ0(φ2 → −φ2) (4.7)
The requirement of absence of anomalies at the boundary (2.15) leads to the set of
equations in (2.41). In the specific case under consideration they give
α
2
(G− 3H)d0 = 0
16
(3 + 2α− α2)d21d0 −
[
6 + 10α+
8
3
α2 − 13
9
α3 − α4 − 2
9
α5+
+4α(3 + 3α+ α2)H + 4α(1 + α)I
]
d0 = 0
α
4
d20d1 +
α
2
[
1 +
5
2
α +
55
36
α2 +
5
12
α3 +
α4
18
+ (1 + α +
α2
4
)G+
+(3 + 3α+
α2
4
)H − (2 + 1
2
α)I − 1
2
αJ
]
d1 = 0
α
2
(G− 3H)d2 = 0
(3 + 2α− α2)d21d2 −
[
6 + 10α+
8
3
α2 − 13
9
α3 − α4 − 2
9
α5+
+4α(3 + 3α + α2)H + 4α(1 + α)I
]
d2 = 0
α
4
d22d1 +
α
2
[
1 +
5
2
α +
55
36
α2 +
5
12
α3 +
α4
18
+ (1 + α +
α2
4
)G+
+(3 + 3α+
α2
4
)H − (2 + 1
2
α)I − 1
2
αJ
]
d1 = 0 (4.8)
In the limit α → 0 all the terms which contain G, H , I, J vanish and one recovers the
classical boundary equations whose solution fixes the coefficients dj ’s
a) d0 = d2 = 0 d1 arbitrary
b) d1 = ±
√
2 d0, d2 arbitrary (4.9)
This result is in agreement with Ref. [10].
Now we analyze the equations in (4.8) at the quantum level. First we try to find a
solution setting to zero all the terms which are proportional to total derivatives in the
current, i.e. setting G = H = I = J = 0. The system in (4.8) reduces to
(3 + 2α− α2)d21d0 −
[
6 + 10α +
8
3
α2 − 13
9
α3 − α4 − 2
9
α5
]
d0 = 0
α
4
[
d20d1 +
(
2 + 5α +
55
18
α2 +
5
6
α3 +
α4
9
)
d1
]
= 0
(3 + 2α− α2)d21d2 −
[
6 + 10α +
8
3
α2 − 13
9
α3 − α4 − 2
9
α5
]
d2 = 0
α
4
[
d22d1 +
(
2 + 5α +
55
18
α2 +
5
6
α3 +
α4
9
)
d1
]
= 0 (4.10)
These equations give either the trivial boundary solution d0 = d1 = d2 = 0 or
d21 = 2 +
2
9
α5 + α4 + 13
9
α3 − 14
3
α2 − 6α
α2 − 2α− 3
d20 = d
2
2 = −
[
2 + 5α +
55
18
α2 +
5
6
α3 +
α4
9
]
(4.11)
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Clearly these solutions are not acceptable, primarily because the d0 and d2 coefficients
have imaginary values and therefore the theory does not appear to be unitary. Thus
we are forced to reconsider the original system in (4.8) with nonvanishing constants G,
H , I and J . In this case the solution is not unique. We use this freedom to set the
dj coefficients equal to their classical values in (4.9). In the first case d0 = d2 = 0, d1
arbitrary but not vanishing, the equations in (4.8) lead to
1 +
5
2
α +
55
36
α2 +
5
12
α3 +
α4
18
+ (1 + α +
α2
4
)G+ (3 + 3α +
α2
4
)H +
− (2 + 1
2
α)I − 1
2
αJ = 0 (4.12)
This condition does not determine the coefficients uniquely. It is satisfied for example by
the non singular (in the limit α→ 0) solution
H = I = J = 0 G = −1 +
5
2
α + 55
36
α2 + 5
12
α3 + α
4
18
1 + α+ α
2
4
(4.13)
We observe that even if the quantum corrections require the presence of a total derivative
term nonvanishing in the classical limit, this, as already emphasized, does not alter the
charge conserved at the classical level. These perturbative contributions modify the
conservation at the quantum level and are actually necessary to implement an exact
symmetry of the theory.
Exactly the same conclusions can be reached for the second choice in (4.9), d1 = ±
√
2,
d0 and d2 arbitrary and non zero. Now the system in (4.8) becomes
3H −G = 0 (4.14)
6α+
14
3
α2 − 13
9
α3 − α4 − 2
9
α5 + 4α(1 + α +
α2
3
)G+ 4α(1 + α)I = 0
α
4
d20 +
α
2
[
1 +
5
2
α +
55
36
α2 +
5
12
α3 +
α4
18
+ (2 + 2α +
α2
3
)G− (2 + 1
2
α)I − 1
2
αJ
]
= 0
α
4
d22 +
α
2
[
1 +
5
2
α +
55
36
α2 +
5
12
α3 +
α4
18
+ (2 + 2α +
α2
3
)G− (2 + 1
2
α)I − 1
2
αJ
]
= 0
Therefore, first we need impose a further restriction d20 = d
2
2 with respect to the classical
result, then we have to solve the remaining two equations in three unknowns. Again
acceptable solutions exist, not uniquely determined.
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4.2 The c
(1)
2 system
We choose the following representation for the simple roots, ~α1 =
√
2(0, 1), ~α2 =√
2(1,−1) so that in terms of two scalar fields the interactions become
V = e−
√
2(φ1+φ2) + 2e
√
2φ2 + e
√
2(φ1−φ2) (4.15)
and
B = d0 e
− 1√
2
(φ1+φ2) + d1 e
1√
2
φ2 + d2 e
1√
2
(φ1−φ2) (4.16)
The action is symmetric under the exchange φ1 → −φ1. Also for this nonsimply laced
theory the first nontrivial high–spin conserved current in the bulk region is at spin 4.
From the general expression in (2.37) and the bulk conservation equations (2.39), we find
the coefficients of J (4) (see also Ref. [4])
a1111 = a2222 = 4 a1122 = −4(1 + α) b112 = −6
√
2(2 + 3α + α2)
d11 = −(8 + 24α + 23α2 + 6α3) d22 = 4 + 6α + α2 (4.17)
while c112 ≡ G, c222 ≡ 3H , e11 ≡ I and e22 ≡ J are still undetermined at this stage. The
quantum trace can be computed explicitly using in (2.38) the values just obtained for
the coefficients (4.17)
Θ(4) = Θ0 +Θ1 +Θ2 (4.18)
with
Θ0 =
{[
−
(
2 +
17
3
α +
9
2
α2 +
5
6
α3
)
+
α2
2
√
2
(G+H)− α
2
(I + J)
]
(∂φ1 + ∂φ2)
2+
+
[
1√
2
(1 + 2α)G− I
]
(∂φ1)
2 +
+
[
α√
2
G+
3√
2
(1 + α)H − J
]
(∂φ2)
2 +
+
[√
2
(
1 +
3
2
α
)
G+
3√
2
αH − I − J
]
∂φ1∂φ2 +
−
[
α√
2
(
1
3
− α
2
− 5
6
α2
)
+
α2
4
(G+H) +
α
2
√
2
(I + J)
]
(∂2φ1 + ∂
2φ2)+
+
1√
2
I ∂2φ1 +
1√
2
J ∂2φ2
}
e−
√
2(φ1+φ2)
Θ1 =
{[
6(2 + 3α+ α2)−
√
2G
]
(∂φ1)
2 +
+
[
−2
(
2 +
10
3
α +
3
2
α2 +
α3
6
)
−
√
2
(
3 + 3α+
α2
2
)
H − 2
(
1 +
α
2
)
J
]
(∂φ2)
2+
19
−
[√
2
3
(
α +
3
2
α2 +
α3
2
)
+
α2
2
H +
√
2
(
1 +
α
2
)
J
]
∂2φ2
}
e
√
2φ2
Θ2 = Θ0(φ1 → −φ1) (4.19)
In this case the equations at the boundary (2.41) are
α(G− 3H)d0 = 0
(6 +
3
2
α− 9
2
α2)d1d
2
0 − [12 + 23α+
41
3
α2 +
9
2
α3 +
5
6
α4 + (4.20)
−√2α(3 + 3α + α2)H + α
2
(1 + α)I +
α2
2
J ]d1 = 0
3α2d21d0 − α[16 +
80
3
α + 6α2 − 2
3
α3 −
√
2(6 + 6α+ α2)H − 2(2 + α)I]d0 = 0
α(G− 3H)d2 = 0
(6 +
3
2
α− 9
2
α2)d1d
2
2 − [12 + 23α+
41
3
α2 +
9
2
α3 +
5
6
α4 +
−
√
2α(3 + 3α + α2)H +
α
2
(1 + α)I +
α2
2
J ]d1 = 0
3α2d21d2 − α[16 +
80
3
α + 6α2 − 2
3
α3 −
√
2(6 + 6α+ α2)H − 2(2 + α)I]d2 = 0
It is rather easy to see that the situation is very similar to the one described in detail for
the previous example. First we verify that in the classical limit G, H , I and J do not
play any role and we recover the classical solution for the boundary coefficients
a) d1 = 0 d0, d2 arbitrary
b) d0 = d2 = ±
√
2 d1 arbitrary (4.21)
Then we observe that at the quantum level no consistent solution can be found without
introducing total derivative terms in the current. Indeed, setting the total derivatives to
zero, the system in (4.20) becomes
(6 +
3
2
α− 9
2
α2)d1d
2
0 − [12 + 23α+
41
3
α2 +
9
2
α3 +
5
6
α4]d1 = 0
3α2d21d0 − α[16 +
80
3
α + 6α2 − 2
3
α3]d0 = 0
(6 +
3
2
α− 9
2
α2)d1d
2
2 − [12 + 23α+
41
3
α2 +
9
2
α3 +
5
6
α4]d1 = 0
3α2d21d2 − α[16 +
80
3
α + 6α2 − 2
3
α3]d2 = 0 (4.22)
The pattern is the same as in the d
(2)
3 case: one solution is given by d0 = d1 = d2 = 0,
that is a vanishing potential at the boundary. The other solution corresponds to the
20
following values for the dj coefficients
d21 =
1
3α
(16 +
80
3
α + 6α2 − 2
3
α3)
d20 = d
2
2 = 2 +
20α + 68
3
α2 + 9
2
α3 + 5
6
α4
6 + 3
2
α− 9
2
α2
(4.23)
Again the results in (4.23) are not interesting, in particular d1 is singular in the classical
limit. The way to circumvent the problem is to include the total derivative terms and
reexamine the original set of equations in (4.20). It is clear that one possibility is to solve
the system with the dj boundary coefficients fixed at their classical values (4.21). For
d1 = 0, d0 and d2 arbitrary and non zero, we find
G− 3H = 0
16 +
80
3
α + 6α2 − 2
3
α3 −√2(6 + 6α+ α2)H − 2(2 + α)I = 0 (4.24)
For d0 = d2 = ±
√
2, d1 arbitrary and nonzero, (4.20) gives
(G− 3H) = 0 (4.25)
20α+
68
3
α2 +
9
2
α3 +
5
6
α4 +
√
2α(3 + 3α + α2)H − α
2
(1 + α)I − α
2
2
J = 0
3α2d21 − α[16 +
80
3
α + 6α2 − 2
3
α3 −
√
2(6 + 6α + α2)H − 2(2 + α)I] = 0
It is worth emphasizing that in both cases not all the constants G, . . . , J can be set to
zero not even in the classical limit α → 0. The quantum corrections feed back into
the classical results, requiring the presence of nonvanishing total derivative terms in the
spin–4 current.
5 Conclusions
We have studied the quantum properties of higher–spin charges for affine Toda theories
defined on the upper plane in the presence of a nontrivial perturbation at the border.
We have attempted a systematic analysis of the various theories, but we had to face the
complexity of the algebraic manipulations which an exact quantum calculation requires.
Moreover the diverse behaviour of different systems and the diverse behaviour of different
spin currents within the same system have prevented us from completeness. With these
caveats, we have accomplished nonetheless several goals and obtained quite interesting
and unexpected results.
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First we have developed a general technique which allows to address the problem of
quantum charge conservation for a system defined on a manifold with boundary. This
method, even if perturbative in spirit, allows to obtain exact answers, to all loop orders in
perturbation theory. The algebraic difficulty of its application arises when dealing with
higher and higher–spin currents: however since the procedure is a step by step one it can
be implemented with a computer program.
Second we have tested our approach on several examples, general enough to illustrate
the issues we wished to discuss. Although we have not found results with a repetitive
pattern, the procedure itself is repetitive and in a sense straightforward to be applied.
Finally we have shown that in the presence of a nonvanishing perturbation at the
boundary the construction of quantum conserved charges is not automatically guaranteed
by the existence of a corresponding classical charge. At the quantum level total derivative
terms added to the currents become relevant and necessary, in certain cases, for the
realization of global, exact symmetries. This feature is a peculiar property of systems
defined on manifolds with a non trivial boundary potential.
Perhaps the most striking finding of our study has been the realization that for the
a(1)n affine Toda theories there is no choice of a nonvanishing boundary perturbation, no
possibility of a quantum redefinition of the current which allow the quantum existence
of certain higher–spin conserved charges. The first classical conservation spoiled at the
quantum level by anomalies that cannot be cured is at spin 4. We have checked this
failure of the conservation law on explicit examples and we expect the same happening
at higher spin too.
We have not attempted to repeat this last analysis on nonsimply laced Toda systems.
It would seem that for the d
(2)
3 and c
(1)
2 theories similar anomalies might appear at spin
> 4.
In any case, for all the theories we have considered, at least one higher–spin conserved
charge has been found and this is sufficient to imply the existence of factorizable, elastic
S–matrices [16]. It would be interesting to proceed in this direction and make precise
the correspondence between S matrices and boundary Toda systems. In particular one
would like to understand the role played by the quantum form of the boundary potential
of the a(1)n theories in the specific construction of an exact S–matrix.
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A Appendix
In this Appendix we show with an explicit example how to proceed in the computations
of local contributions to 〈J (1)〉|x1=0. Let us consider
i
〈(
∂3φa∂φb − ∂¯3φa∂¯φb
)
e−
1
2piα
∫
d2w V+ 1
2piα
∫
dw0 B
〉
0
(A.1)
We want to extract the local terms when this expression is evaluated at the border x1 = 0.
First, using the definitions in eq. (2.2) we write
i
(
∂3φa∂φb − ∂¯3φa∂¯φb
)
=
1
2
(
−∂31φa∂0φb − 3∂0∂21φa∂1φb
+∂30φa∂1φb + 3∂
2
0∂1φa∂0φb
)
= 2∂20∂1φa∂0φb + 2∂
3
0φa∂1φb
− 3∂0∂∂¯φa∂1φb − ∂1∂∂¯φa∂0φb (A.2)
In the last equality we have written ∂21 = 2∂∂¯ − ∂20 so that it is easier to identify in (A.1)
the Wick contractions which lead to local contributions. Indeed we use
lim
x1→0
〈∂1φ(x0, x1)φ(w0, 0)〉0 = limx1→0 − α
[
i
x0 − w0 + ix1 −
i
x0 − w0 − ix1
]
= −2παδ(1)(x0 − w0) (A.3)
so that we immediately obtain
〈
2∂20∂1φa∂0φb + 2∂
3
0φa∂1φb
〉∣∣∣
x1=0
∼ −2∂20Ba∂0φb − 2Bb∂30φa (A.4)
For the other two terms in (A.2) we need consider a double expansion in the bulk and
boundary potentials. We have
〈
∂0∂∂¯φa∂1φbe
− 1
2piα
∫
d2w V+ 1
2piα
∫
dw′
0
B
〉
0
∼
∼ − 1
(2πα)2
∫
d2w
∂V
∂φa
(
−α
2
)
∂x0∂∂¯
(
log 2|x− w|2 + log 2|x− w¯|2
)
∫
dw′0
∂B
∂φb
(−α)
[
i
x0 − w′0 + ix1
− i
x0 − w′0 − ix1
]
(A.5)
Using in the upper–half plane
∂∂¯
(
log 2|x− w|2 + log 2|x− w¯|2
)
= 2πδ(2)(x− w) (A.6)
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and eq.(A.3) we obtain the result
〈
∂0∂∂¯φa∂1φb
〉
∼ −1
2
∂0VaBb (A.7)
The last term is treated in similar manner
〈
∂1∂∂¯φa∂0φbe
− 1
2piα
∫
d2w V+ 1
2piα
∫
dw′
0
B
〉
0
∼
∼ − 1
(2πα)2
∂0φb
∫
d2w
∂2V
∂φa∂φc
∫
dw′0
∂B
∂φc
(
−α
2
)
log 2|w − w′0|2
(
−α
2
)
∂∂¯
[
i
x0 − w0 + i(x1 − w1) +
i
x0 − w0 + i(x1 + w1)+
− i
x0 − w0 − i(x1 − w1) −
i
x0 − w0 − i(x1 + w1)
]
(A.8)
Integrating by parts the ∂∂¯ derivatives we obtain a local contribution when they hit the
log and produce a δ(2)(w−w′0), while the terms in the square bracket, when evaluated in
the limit x1 → 0, give rise to a δ(1)(x0 − w′0). We then obtain
〈
∂1∂∂¯φa∂0φb
〉
∼ −1
2
VacBc∂0φb (A.9)
Summing all the contributions the total result quoted in (2.27) is recovered.
This work has been partially supported by grants no. SC1–CT92–0789 and no. CEE–
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